We propose a method to control electromagnetic flux in an almost arbitrary way in wavelength and subwavelength scales. The capability of subwavelength flux control is enabled by the evanescent waves induced in a class of inhomogeneous anisotropic media with a near-zero permittivity component. By designing the spatial profile of the other permittivity component in such inhomogeneous media, the flow and distribution of energy flux can be conveniently manipulated. This method provides another approach to efficiently control electromagnetic flux in nonmagnetic media.
Recently, the advance in the fields of plasmonics [1] [2] [3] and metamaterials [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] has bestowed the ability of controlling electromagnetic flux in unprecedented ways. By utilizing the evanescent property of surface plasmons existing on metal surfaces, subwavelength controlling of electromagnetic waves has been achieved, leading to promising applications such as nanoscale plasmonic chips [1] and nanolasing [3] . Another significant advance in wave controlling techniques is the discovery of metamaterials, i.e., artificial materials designed to exhibit effective permittivity and permeability values not found in nature. Based on metamaterials, various unusual phenomena have been achieved such as negative refraction [7] , superlensing [6, 8] , and hyperlensing [9] . In particular, the theory of transformation optics [10] [11] [12] [13] has been proposed to utilize specially designed anisotropic inhomogeneous media to control electromagnetic waves in an arbitrary way, which makes amazing applications such as cloaking [10] [11] [12] [13] possible.
Although controlling electromagnetic waves and flux are often assumed to be the same, there is actually a difference between them. From the formula of the Poynting vector S ¼ E × H, we can see that electromagnetic flux S can be controlled by manipulating either the electric field E or magnetic field H, instead of both fields. Based on this idea, we propose a method to control electromagnetic flux in an almost arbitrary way. In our approach, we can design the spatial profile of permittivity or permeability to control either the electric or magnetic fields, respectively. For transverse magnetic (TM) waves, nonmagnetic media is suitable. In contrast, transformation optics operates in a different manner as it requires designed spatial profiles for both permittivity and permeability and controls electric and magnetic fields simultaneously [10] [11] [12] [13] . Our work also shows that subwavelength control of electromagnetic waves can be achieved without utilizing surface plasmons.
The system that we employ is a special kind of metamaterials known as zero-index metamaterials . Subsets of such materials include epsilon-near-zero (ENZ) and mu-near-zero (MNZ) materials exhibiting near-zero permittivity and permeability, respectively. Some very unusual transmission properties have been discovered in such media, such as the squeezing and tunneling effects through a narrow junction area filled with ENZ materials between two waveguides [16] [17] [18] [19] . However, up to now, most research has considered homogeneous and isotropic zeroindex materials. In this work, we investigate inhomogeneous and anisotropic zero-index metamaterials with only one component of the permittivity tensor near zero. The other permittivity components can take arbitrary values that are larger than zero. Such anisotropy allows us to introduce inhomogeneity into the system. Specifically, we can design the spatial profile of the other permittivity component to be an arbitrary function of coordinates. It turns out that the electromagnetic flux can be conveniently controlled to route in an arbitrary way according to the spatial profile. This provides us a unique approach for flux manipulation.
Without loss of generality, we consider waves of TM polarization propagating in the x direction. The inhomogeneous media that we considered can thus be described by
where ε x and ε y are the x and y components of the relative permittivity tensor, μ is the relative permeability, and fðx; yÞ is the inhomogeneity profile of the inhomogeneous media. We note that the wavelength in the propagation direction has a normal value, i.e., λ ¼ λ 0 = ffiffiffiffiffiffi ffi ε y μ p ¼ λ 0 = ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi fðx; yÞ p ≪ ∞, where λ 0 is the wavelength in free space. Here, we would like to emphasize that this system with ε x → 0 þ is totally different from previously studied isotropic ENZ materials with ε x ¼ ε y → 0 þ or anisotropic ENZ metamaterials with ε y → 0 þ [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] , which both exhibit extremely long wavelengths in the propagation direction, i.e., λ ¼ λ 0 = ffiffiffiffiffiffi ffi ε y μ p → ∞. As a result, the physics in our system is different from those in previous studies on zero-index metamaterials, and previous theories of ENZ materials based on λ → ∞ [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] cannot be applied here.
If the inhomogeneity profile fðx; yÞ is simply a constant in the whole space, then the value of ε x does not have any influence on the wave propagation unless the propagation direction deviates from the x direction. However, if fðx; yÞ is a spatially varying function, then the near zero ε x would play a crucial role in the scattering mechanism.
In inhomogeneous media composed of ordinary materials, wave scatterings usually induce scattered propagating waves. In Fig. 1(a) , we show the schematic picture of wave scattering by different scattering objects in air, where red arrows denote schematically the propagating and scattered waves. Since the scattered waves distribute energy flux in various directions, transmission in the forward direction is reduced.
However, in highly anisotropic media, the physics of scattering can be very different. In Fig. 1(b) we show the schematic picture of multiple scatterings in highly anisotropic media with ε x → 0 þ . Instead of producing propagating waves, the scatterings produce waves (shown as blue wavy arrows) that are evanescent in the forward and backward directions, and only capable of transferring energy flux in the perpendicular directions. The reason can be understood from the equifrequency contours of an isotropic medium of air (green) and a highly anisotropic medium of ε x → 0 þ (blue), as shown in Fig. 1(c) . Suppose that the scattering event is induced by a defect with a characteristic perpendicular length L ⊥ , then a series of waves would be excited with perpendicular wave vectors K ⊥ . For scattering events in air, when L ⊥ ≥ λ, K ⊥ mostly fall within the maximum values of k y of equifrequency contour (green circle). Excited waves are thus mostly propagating waves. While for scatterings in highly anisotropic medium of ε x → 0 þ , even when L ⊥ ≥ λ, K ⊥ will fall outside of the maximum values of k y of the equifrequency contour (blue flat ellipse). Evanescent waves are thus excited. Such a difference in the physical nature of scatterings leads to totally different transmission behaviors.
In the following, we demonstrate simulations of wave transmission by using the finite element software, COMSOL Multi-physics. First, we consider an inhomogeneous system composed of defects embedded in a background. For contrast, we first consider the case of three isotropic defects embedded in air. The defects have square, triangular, and circular shapes, and exhibit relative permeability μ ¼ 1 and permittivities ε ¼ 1.5, 2.5, and 0.5, respectively. Periodic boundary conditions are set on the upper and lower boundaries, and a TM-polarized plane wave is incident from the left, with a wavelength about the same size of the defects. From the magnetic field H z , as shown in Fig. 2(a) , we can see that strong scattered waves are excited, leading to distorted wave fronts and a reduced transmittance.
Next, we change the system to be highly anisotropic by lettingε x ¼ 0.001, while keeping ε y and μ unchanged in the In Figs. 2(b)-2(f) , we show, respectively, the magnetic fields, electric fields in the y and x directions, and the power flow in the x and y directions under the same incident wave. The transmission behavior is dramatically altered. In Fig. 2(b) , the magnetic field H z is almost uniform in the y direction. Such uniformity is a result of the large anisotropy [42] . In Fig. 2(b) , we also find that the transmittance is near unity, despite of the existence of three defects. We note that the shapes and materials of the defects have been chosen arbitrarily. This indicates that the high transmittance is not a resonance effect which would strongly depend on the details of inhomogeneity.
To understand the physical origin of such a robust high transmission, we look at the electric field in the y direction, i.e., E y , in Fig. 2(c) . It is seen that E y is almost inversely proportional to ε y , indicating that the displacement field D y ¼ ε y E y is almost uniform in the y direction. As a result, the time-averaged energy flux in the x direction, i.e., S x ¼ 1 2 ReðE y H Ã z Þ, is also inversely proportional to ε y , as shown in Fig. 2(e) . Since the total transmission is near unity, from the conservation law of energy flux, a proper amount of perpendicular flux, i.e.,S y , must send flux to whereS x is increased and from whereS x is decreased. This is accomplished by evanescent waves. From Fig. 2(d) , we find that evanescent waves are indeed induced within the x coordinate regimes with defects. In Fig. 2(f) , we find that strong flux S y ¼ − 1 2 ReðE x H Ã z Þ in the direction perpendicular to wave propagation emerges at the front and end positions of defects where theS x distribution changes. The evanescent-waveinducedS y is essential to keep the total flux RS x dy to be almost conserved throughout the whole media, leading to transmittance of almost unity.
Since the magnetic field H z and electric displacement D y are almost uniform in the y direction, effective medium theory in the quasistatic limit can be applied, and from which we obtain ε eff ðxÞ ¼ h= R ðdy=ε y ðx; yÞÞ and μ eff ðxÞ ¼ R μ z ðx; yÞdy=h, where h is the height of the system. The effective refractive index and relative impedance are, respectively, n eff ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi ε eff μ eff p and Z r;eff ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi μ eff =ε eff p . In Fig. 2(g) , we show the case of rectangular defect of ε x ¼ 0.001, ε y ¼ 4, and μ ¼ 1 embedded in a background of ε x ¼ 0.001, ε y ¼ 1, and μ ¼ 1. Apparently, λ eff ¼ λ 0 =n eff is changed to be 0.880λ 0 due to the existence of the defect. In Fig. 2(h) , we plot the obtained n eff and Z r;eff , which are obtained from the effective medium theory. Here, we can easily see that although the parameter change of the defect is relatively large, the impedance change is rather small, as a result of averaging in ε eff and μ eff . Thus, the robust high transmittance through the media is a result of the averaging effect due to the homogeneity of fields in the perpendicular direction of propagation.
The flux distributionS x ∝ 1=ε y indicates that energy flux tends to concentrate where ε y is small. By utilizing this property, we can control how the electromagnetic flux flows through the whole system in an almost arbitrary way. In the following, we demonstrate three examples of electromagnetic flux control, including focusing of flux, splitting, and recombination of flux (cloaking in one dimension), and routing of flux in a sinusoidal path. Let fðx; yÞ be smooth functions of inhomogeneity profiles within a square region of length a, as shown in Figs. 3(a),  3(c), and 3(e) . In Figs. 3(b), 3(d), and 3(f) , anisotropic gradient media of ε y ¼ fðx; yÞ and a constant ε x ¼ 0.001 and μ ¼ 1 have been applied. The frequency is chosen to be f ¼ c=λ 0 ¼ 5c=a, where c is the velocity of light in free space. Perfect electric conductor (PEC) boundary conditions on upper and lower boundaries have been applied.
In the first example, we demonstrate the focusing of wave energy into a subwavelength area. The inhomogeneity profile fðx; yÞ exhibits a minimum at the central area, as shown in Fig. 3(a) . As a result, energy flux will be focused at the central point, as shown in Fig. 3(b) . It is interesting to point out that the perpendicular size of the focused flux spot is about 0.27 times of the free space wavelength (see other fields in [42] ). If we increase the wavelength, the focused flux spot would be even sharper. Therefore, subwavelength focusing can be realized with this method.
In the second example, we demonstrate the splitting and recombination of energy flux so as to realize "cloaking" in one dimension. As shown in Fig. 3(c) , the inhomogeneity profile fðx; yÞ exhibits a maximum at the central area where an irregular PEC shell is embedded. As a result, the energy flux is guided to go around the central area, rendering anything inside the PEC shell "cloaked," as shown in Fig. 3(d) . Although the phenomenon seems similar to invisibility cloaks in transformation optics, the physics behind is different, as we shall elaborate later.
In the third example, we have designed the inhomogeneity profile fðx; yÞ to exhibit a sinusoidal pathway of minimal ε y , as shown in Fig. 3(e) . As a result, the energy flux indeed concentrates and flows along the designed sinusoidal path, as shown in Fig. 3(f) . We note that the free space wavelength in Fig. 3(f) is about 10 times larger than the path width, which is about 0.02a, indicating that this is a subwavelength control of flux. In this way, the energy flux can be conveniently controlled to flow along any desired curve in a sub-wavelength area.
One advantage of our approach here is that we can achieve flux control with nonmagnetic materials, as demonstrated in all of the above examples. This shows that the mechanism of controlling flux here is different from that of transformation optics. For transformation optics, the control of waves is achieved by reducing wave scattering to zero with designed gradient materials that are impedance matched everywhere and in every direction. While here, the control of flux is based on the excitation of evanescent waves, which efficiently transfers energy flux in the perpendicular direction of propagation. However, we should also note that unlike transformation optics, which does not depend on the form of incident waves, our approach only works for plane waves of normal incidence due to the zero permittivity index. Obliquely incident waves will be totally reflected at the surface of the system. In a word, such a flux controlling effect only works for a single mode.
In practical realization, unlike isotropic ENZ materials which are usually realized by Drude metal, semiconductors [20] or photonic crystals [21] , anisotropic ENZ materials may be realized by using various kinds of metamaterials [19] . Interestingly, most of the previously designed metamaterials only involve resonance in one direction and are therefore automatically anisotropic. For one example, metal wire arrays [4, 43] or metal-dielectric multilayers [44] [45] [46] may be used as anisotropic ENZ materials. If the system is composed of more than two materials, then it is possible to simultaneously achieve fixed near-zero and spatially varying nonzero permittivities in two orthogonal directions by tuning the material parameters and the filling fractions.
As another example, for transverse electric polarized waves, anisotropic MNZ materials with a near-zero permeability component are required instead of ENZ materials and split rings are just the perfect choice for anisotropic MNZ materials [5, 37, 41] . Actually, as a special manifestation of the flux control effect shown in this work, a bending waveguide based on anisotropic zero-index materials has been designed [40] and experimentally verified in the transverse electric polarization by using split rings [41] recently.
In practical metamaterial designs, loss is inevitable. We have examined the lossy cases in which ε x not only has a near-zero real part but also carries an imaginary part. Interestingly, we find that loss does not compromise the flux controlling effect, but the major effect is to reduce the transmission rate. Even if the imaginary part of ε x is 10 times larger than its real part, a strong ability to control the flux in the vertical direction of propagation is still preserved [42] . We also note that the issue of loss has been extensively discussed in the field of plasmonics and various schemes have been proposed to mitigate the problem [47] . Another way to avoid the loss problem is to use zero-index materials with less loss, e.g., dielectric materials [21] , or to operate in the microwave regime [4, 5] in which zero-index metamaterials have been experimentally verified to exhibit less loss and long transmission distances [19, 37, 41] .
In summary, we have studied the behavior of electromagnetic wave propagation in a form of inhomogeneous ENZ materials with only one permittivity component near zero. We find scattered waves that are evanescent in the propagation direction lead to robust high transmittance, and also enable a unique way to arbitrarily control electromagnetic flux in wavelength and subwavelength scales. Our finding may inspire ideas leading to more functional and more compact devices.
